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Abstract 

We study a heat kernel defined by a self-adjoint Hamiltonian H acting on a Hilbert 

space and a unitary representation U{g) of a symmetry group G of H, normalized so that 
the ground vector of H is invariant under U{g). The triple {H,U{g),S^} defines a twisted 
partition function and a twisted Gibbs expectation { ■ )g, 


•5g = TV^ {U{g-^)e-f^^) , 




We say that {H, U{g),Sj} is twist positive if > 0. We say that {H, U{g),S)} has a Feynman- 
Kac representation with a twist U{g), if one can construct a function space and a probability 
measure dg,g on that space yielding (in the usual sense on products of coordinates) 


{' )n — ■ 


Bosonic quantum mechanics provides a class of specific examples that we discuss. We also 
consider a complex bosonic quantum field ip{x) defined on a spatial s-torus and with a 
translation-invariant Hamiltonian. This system has an (s -|- l)-parameter abelian twist group 
X M, that is twist positive and that has a Feynman-Kac representation. Given r £ and 
0 £ M, the corresponding paths are random fields ^{x,t) that satisfy the twist relation 

$(x,t + /3) = e*™$(x-r,t) . 


We also utilize the twist symmetry to understand some properties of “zero-mass” limits, when 
the twist T, 6 lies in the complement of a set Tging of singular twists. 


*Work supported in part by the Department of Energy under Grant DE-FG02-94ER-25228 and by the National 
Science Foundation under Grant DMS-94-24344. 
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I Introduction 


We study a bosonic quantum mechanical system defined on a Hilbert space S^. We assume that if 
is a self-adjoint Hamiltonian with a unique ground state ^vacuum, and that the heat kernel is 
trace class. Let G denote a symmetry group of ii, and U{g) a continuous unitary representation of 
G on 9), so U{g)H = HU{g). Thus Hvacuum is an eigenvector of U{g); normalize the phase of U{g) 
so that 


U{g)n 


vacuum 


n 


vacuum • 


(i.i) 


This triple defines a twisted partition function 3c/ and a twisted Gibbs expectation ( ■ )^, 


3c? = Tr^ {U{g ^)e , and 

Define {H, U ((?), to be twist positive if for all g 


, , Tcfl (£;(g-‘) . €-»«) 

' " Tcfj (U{g-^)e-l>«) 

G G and for all /3 > 0, 


( 1 . 2 ) 


3/? > 0 . (1.3) 

Clearly 3id > 0. Note that lim^j^oo (3j?/3id) = (^vacuum, G(5f)Dvacuum), showing (|n]) to be necessary. 

A Feynman-Kac measure is a countably-additive, Borel probability measure dpig. We say that 
{H, U{g),S)i} has a Feynman-Kac representation with a twist U{g), if one can construct a function 
space and a Feynman-Kac measure dpig on that space yielding 


).= 


dpig 


(1.4) 


in the sense that Gibbs expectations of time-ordered products of coordinates equal the integral 
of the same product of paths. We give examples in Propositions HI.3 and V. (|V.34|) for quantum 
mechanics and in Propositions VI.6 and VI.8 for quantum fields. 

Once we establish the existence of a measure, we can use classical inequalities and harmonic 
analysis to study particular integrals, and therefore to gain quantitative insights concerning 3g or 
{ ■ )g. Hence if we have a measure, then we may benefit from these basic tools of mathematical 
physics. Such inequalities are especially useful in understanding non-Gaussian expectations that 
cannot be evaluated in closed form.[| 

Twist positivity is necessary for 3c/ to have a Feynman-Kac representation, but it is neither a 
necessary nor sufficient for ( ■ )^ to have a representation.^ The fact remains that in the examples 


^In problems with fermions, it is common to define a functional on a Grassmann algebra, either using Berezin 
integration or using expectations on a Fock space. In specific examples of interest, these methods often do not 
yield positive functionals. Then the resulting theory is restricted to the Gaussian case, where the functionals yield 
Pfaffians and determinants. In the case of boson-fermion systems the purely bosonic part of the system may have a 
Feynman-Kac measure. This measure, multiplied by a Pfaffian or a determinant, can be studied using the positivity 
properties of the bosonic measure. This method to study boson-fermion systems is common in constructive quantum 
field theory. Of course one can combine the measures we discuss in this paper with Pfaffians or determinants arising 
from fermionic degrees of freedom. 

corresponding necessary condition for { ' )g to have a Feynman-Kac representation exists: the pair correlation 
operator Cg, defined in ( [I.63| ) and in ( VI.34 ), should be a linear transformation with positive spectrum. In the case 
that ( • )„ is a Gaussian functional, this condition is also sufficient. 
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that we study, twist positivity holds. Twist positivity also appears in our proof of the existence of 
the Feynman-Kac measure for ( ■ )^. Thus twist positivity appears to be an excellent condition on 
which to focus, and we make it our title. 

Our results apply to expectations that occur various branches of physics and of mathematics, 
including quantum mechanics, quantum held theory, and related problems in probability theory. 
We illustrate them with examples, starting in the simplest cases, and bosonic quantum mechanics 
provides specihc ones. Then we discuss other examples from quantum held theory.^ Consider a 
quantum theory with a complex coordinate ^ acting as a multiplication operator on the Hilbert 
space = L^(C). Given a positive constant H > 0, dehne the elementary f/(l) twist group with 
period 27r/H by 

^ . (1.5) 

Assume that the unitary operators U{6) acting on implement this twist, so U{6)z = e^^^zU{9). 
Furthermore, assume that the Hamiltonian H of the system is twist-invariant, and has a trace-class 
heat kernel. We consider the Gibbs functional ( ■ )q with 6 replacing g. 

In the quantum mechanics case, the measure dfio is concentrated on continuous paths. Hpegh- 
Krohn discovered that for 6 = 0, notably when ( ■ )q is a Gibbs state, that a Feynman-Kac repre¬ 
sentation arises from paths uJo{t) that are periodic in time 0, 

uJo{t + (5) = uJo{t) . ( 1 . 6 ) 

Our present results generalize this picture. In the simplest case of quantum theory with the twist 
O, the twisted Feynman-Kac representation (|1.4|) arises from paths that are twisted periodic, 
namely they satisfy the twist relation 

(3) = . (1-7) 

In the case of a vector-valued coordinate 2 ; G C”, we may use a different rate of twisting in each 
coordinate direction. Thus we replace (0) by the relation 

^ U{e)z,U{0r = , ( 1 . 8 ) 

with individual periods of twisting 2n/Qj > 0, for each 1 < j < n. We call the H = {0^} weights. 
In place of (117^) , our vector-valued paths satisfy the twist relation 

+ P) = , for I < j < n . (1.9) 

The existence of a minimal, strictly-positive constant h such hVLj G Z for all 1 < j < n, is equivalent 
to the ratios of weights being rational. In that case, we say that the weights {Hj} are rationally 
commensurate. The group U{9) then has a period 2'jTh. 

In §H-IV we study a twist-invariant oscillator with Hamiltonian H = Hq and frequency m > 0. 
We work out this example in great detail, because our quantum mechanics results for other potentials 

^Surprisingly, we have not found these observations in the literature, though some of them are “folk theorems” 
in physics, where their mathematical status is not clarified. 
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rely on a detailed understanding of the oscillator. We give an elementary argument that the twisted 
Gibbs functional for the oscillator is Gaussian, and we give the Feynman-Kac measure dij,m,i 3 ,e- This 
measure is Gaussian and it is twist-invariant. The covariance of the measure is the pair correlation 
function of the oscillator. In Theorem III.l we identify the covariance as a the resolvent (i.e. 
Green’s function) of a twisted Laplacian. Also we show that this pair correlation function extends 
as a function of the time difference t — s into the complex plane, to be complex periodic. The 
imaginary part of the period determines the twist angle 6. 

Once we have derived properties of the twist-invariant oscillator, we study perturbed Hamilto¬ 
nians H of the form 

H = Ho + V . (I.IO) 

Here H is a suitable real, twist-invariant function that is bounded from below. We detail our 
assumptions on V in Dehnition V.l. In order to make this situation more concrete, let us illustrate 
some sorts of acceptable potential functions V. 

V-i The absolute square V(z,z) = \W{z)\^, of a holomorphic, homogeneous polynomial W{z) is 
acceptable. 


V-ii A sum of acceptable potentials H’s is an acceptable potential. 


One acceptable such sum is the square of the gradient of a holomorphic, homogeneous polynomial 
IT, 


n 


r(zT) = i: 

i=i 


dW{z) 

dzj 


(I.ll) 


Such I/’s arise as the bosonic potential in quantum theory with N = 2 supersymmetry, where W{z) 
is called the superpotential. (The polynomial W may be quasihomogeneous in place of homogeneous, 
see §V.) 

The twisted Gibbs expectations that arise from the Hamiltonians H = Hq + V are non-Gaussian. 
They possess Feynman-Kac representations, and the measures dehning these representations are 
non-Gaussian. The measures leading to have the form 




V 




( 1 . 12 ) 


The normalizing factor for these measures is in fact the ratio of two traces, and we dehne this ratio 
to be the relative twisted partition function of H = Hq + V relative to Hq, 




Tr^ (G(d)*e-^(^o+^)) 





We hnd that these partition functions are positive for all 9, and for all /? > 0, namely 


0 < Tr„ {uieYe-'”’) , 


( 1 , 13 ) 


and so 


0 < ■ 


(1.14) 
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Furthermore, inspecting these representations shows that if V grows at least quadratically in \z\ as 
\z\ —>■ oo, then 


0 < Tr^ < 


M 


2n 


^(3{m + A) 


for 0 < A < 1 , 


(1.15) 


where M is a constant depending only on V. 

Functional integration is a central tool for quantum held theory, for string theory, and for 
statistical mechanics. The study of zero-mass measures poses special difficulties; they occur both 
in the Hilbert space the Hilbert space formulation of held theory and also in the formulation by 
functional integration. We clarify certain aspects of zero-mass limits by using twisted expectations 
in the complex case. A paper of Witten 0 suggests some properties of this sort, the understanding 
of which led us to this investigation. We plan to use this framework in another paper that provides 
qnantnm mechanics and held theory examples to illustrate the phenomena in |p. 

Dehne the singnlar set of twisting angles 


Tsing = = 1 , for any 1 < j < n} . 


( 1 . 16 ) 


If the weights are rationally commensnrate, the set Tsing contains a hnite nnmber of points for 6 in 
a period interval. We prove that for hxed (3 and for hxed 9 ^ Tsing the twisted zero-mass measure 
exists as a weak limit. As m —>■ 0, 


^9'm,i3,e ^ ^9^0,p,e ■ 

For each /?, 9, the limiting measure is a countably-additive, Borel probability mea¬ 

sure. These results improve on the canonical bonnds ( 1.15 ), and in this case the twisted trace 
,-/3(/ro+A2y)^ 


Tr 




({/(»)< 


converges for 9 ^ Tsmg when m -|- A —0 with (3, 9 hxed. 


In addition our method applies to quantum helds (p(x), that may also have vector components, 
(p{x) = {(pj(x)}. We take the spatial variable x in an s-torus T^. We take the spatial periods 
eqnal to > 0, where 1 < ^ < s, and let the spatial volume be Vol = 11^=1 U- Then the Fonrier 
decomposition of the held has the form 








( 1 . 18 ) 


where k = {ki} ranges over the lattice ki G dnal to T^. In the case that (p(x) is a complex held, 
the constant Fonrier modes Zj are just the complex coordinates in qnantnm theory considered above. 
Let H denote a twist-invariant, translation-invariant Hamiltonian for the held. We assnme that the 
Hamiltonian operator H, the momentnm operator P, and the symmetry operator U{9) = 
mntnally commute. We also assume that H has a unique ground state Hvacuum, so Hvacuum is an 
eigenstate of U{9) and of the momentnm. We take 


U{9)n 


vacuum 


n 


= 0 . 


'vacuum ? 


and PH 


'vacuum 


( 1 . 19 ) 





Twist Positivity 


7 


We consider U{ 6 ) implementing a twist similar to before, 


ipj{x) u(e)ipj{x)u(eY = ■ 


( 1 . 20 ) 


With these assnmptions, we can interpret the translation gronp as an additional twist, yielding the 
(s + l)-parameter twist gronp 


17(r, e) = = e^^^U{e) = U{9)e^^^ . (1.21) 

Here f/(r, 0) = with r G T®. In terms of components, tP = J2i=i TiPi. Then 

f/(r, e)ipj{x)u{T, ey = - r). (1.22) 


Twist positivity is the statement 

3m,f,,r,e = Tr^ {u{T,eye-^^) = Tr^ > 0 . 

The limit /3 —>■ oo shows (|1.19| ) is necessary. Dehne the twisted Gibbs fnnctional 

TT^{U{ey ■ 


(1.23) 


(1.24) 


We hrst establish this condition for the massive free held, with H = Hq, that twisted positivity holds. 
This allows us to prove that the massive free-held pair correlation operator has strictly positive 
spectrum. Furthermore, we show that the twisted free-held Gibbs functional is Gaussian. These 
two properties lead to a Feynman-Kac representation for the corresponding free-held functional 
given by a measure d^rn, 0 ,T,e- 

The probability interpretation for the quantum held case arises from paths called random helds, 
and dehned on a space-time C = x [0,/?]. Since the random helds satisfy a twist relation 
depending on both r and on 0, we denote them t) with components t), for 1 < j < n. 

After averaging with a smooth function of the coordinate x, the random helds give paths that are 
continuous functions of the time. Furthermore, the translation group acts continuously on C°° 
functions on C, also in the Frechet topology, so translations also act continuously on random helds. 
We hnd in §VI that the appropriate twist relation for random helds is 


i + (3) = - r, i) . 


(1.25) 


There is a Gaussian Feynman-Kac representation for the massive free-held Hamiltonian P[q with the 
above twist. We denote the Gaussian measure by dfim, 0 ,T,e{^r,e{-))- We show that the covariance 
of this measure e equals the resolvent of a twisted Laplace operator A^- e, 

Cr,e = {-Ar^e + my-K (1.26) 

We also construct non-Gaussian measures ,_g(<hT-^e(-)) for interacting helds with certain Hamil¬ 
tonians H = Hq + V. These measures provide Feynman-Kac representations for twisted Gibbs 
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functionals ([i.24| ). We regularize these theories to avoid discussing renormalization at this time. 
The measures have the form 




3- 






(1,27) 


Here x denotes that the random held ^T,e,x ^ regularization, as is the potential in H = Ho + V. 
In §VI, we establish a result concerning the m ^ 0 limit for non-sinular twisting for the complex 
quantum held. 

In §VI we also study real helds (p{x). These helds still have the s-parameter group arising from 
translations that is twist positive. The corresponding random helds depend on the parameters r, 
but not on 9 and we denote them Given r G T^, these random helds satisfy 


t + P) = - T,t) . 


( 1 . 28 ) 


They also lead to a twist-positive partition function and a Feynman-Kac representation. 


II The Twist-Invariant Oscillator 

We dehne a twist-invariant harmonic oscillator as a harmonic oscillator with a complex coordinate 
and a rotationally symmetric potential, equal to m^\z\‘^. We now study the complex oscillator in 
detail. 


II. 1 Canonical Field Coordinates 


We assume that the frequency (mass) of the oscillator is strictly positive, m > 0, use the normal¬ 
ization suggested by held theory, in which the coordinate z is proportional to and linear in 

dimension-less creation and annihilation operators. 

Assume z take values in C, and let Sj = L‘^{C,dz) denote the Hilbert space of functions 
with respect to Lebesque measure on C. Let d = ^ and let 9 = ^, so 9 = —d*. We introduce 
independent annihilation operators a+ and a_, and write 




(ii.i) 


Let denote either a or a*. As a consequence of |H.1|, we hnd the canonical commutation relations 
(CCR) for the operators a± and their adjoints. 


[a±,ay = /, and [a±,a^] = 0 


( 11 . 2 ) 


Also (|H.1|) inverts to yield 


z = 



( 0 + + 0 -) 5 



(H.3) 
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The Hamiltonian H = Hq has the form 

Hq = d*d + rri^\z\'^ — ml =—dd + m^\z\'^ — ml 

= m (^a^a+ + a*_aS^ , (II-4) 

where we subtract the constant m to ensure that the minimum eigenvalue of Hq equals 0. Let 

N± = a*^a± , (II-5) 

denote two commuting number operators. They have non-negative, integer spectrum, and we denote 
the eigenvalues by n+, n_ respectively. We may also write 

Hq = m{N+ + N_) (II. 6 ) 

The generator J of the symmetry U{6) = has a simple form, either in terms of the coordi¬ 
nates, or in terms of N±, namely 


J = Q{zd - zd) = Q{N+ - N_) . (II.7) 

Then 

U{e)zU{9y = e^^^z , and U{9)dU{9y = . (II.8) 

These representations of H and J in terms of N± show that they commute as self-adjoint operators. 
Consider their joint spectrum S; we represent a point in S as 

h = m(n+-|-n_), n = r 2 (n+— n_) . (II-9) 

Each point is specified by a unique pair of non-negative integers {n+,n_} that are eigenvalues of 
N±, and each point in the joint spectrum has multiplicity one. Let |n+,n_) label an orthonormal 
basis of simultaneous eigenvectors. 

Let us introduce the complex constant 7 , lying in the interior of the unit disc. This parameter 
encodes most of the dependence on m, (3, 9 and hi. Let 

7 = . ( 11 . 10 ) 

Then we denote our twisted partition function by 37 and our twisted expectation by (■ )^, where 

3, = IV* CWe-'’"-) , and (. )^ = . (n.n) 

II.2 The Oscillator Twisted Partition Function 

We now compute the oscillator partition function. 
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Proposition II. 1. Let H 


Hq and suppose that I 7 I < 1. Then 


3.= 




|1 — 7 P 4|sin( 


Q9+iml3 ^ |2 


> 0. 


( 11 . 12 ) 


Proof. We evaluate 37 by taking the trace in the basis |n+, n_) of simultaneous eigenstates of N±, 
introduced in §11.1. The result is that 

00 

3, = TVs, 7”+7"-=|l-7ru (11.13) 

n+,n_=0 

II.3 The Pair Correlation Function and Time-Ordered Products 

Let T denote an operator with domain T>{T). Define the imaginary time propagation T{t) of T by 
the general Hamiltonian H to be 

T{t) = . (11.14) 

For t > 0, we obtain an operator with domain e~^^T){T). In general T{t)* and (T*)(t) are equal 
only for t = 0. Denote the time-ordered product of Ti(ti),... ,T„(t„) by (Ti(ti) ■ ■ ■T„(t„))+, with 
the definition 


(ri(ti) ■ ■ ■Tn{tn))+ = Ti^{ti,)Ti^{ti^) ■ --Ti^iti^) , where Li < < • • ■ < . (11.15) 

Define the pair correlation function by 

^ 7 (^, 5 ) = {(^(t)^(s))+).^ . (11.16) 

We now make a side technical assumption that 0 < iL and that z{H -|- is bounded. This is a 
fact in case H = Hq. We require this to use cyclicity of the trace in order to establish the following 
twist condition. 

Proposition II.2. Suppose that 0 < H, that e~^^ has a trace, and that z{H + I)~^ is bounded. 
Then the pair correlation function C.y{t,s) of (\ILlt\ ) is a function of the difference coordinate 
f = t — s ^ [—(3,(3], and satisfies the twist relations 

C,{f + P) = e-^^^C,{0, ^/e<0, and C,{i - (3) = , z/^ > 0 . (11.17) 

Proof. We use the definition of the pair correlation function and cyclicity of the trace. As z{H+I)~^ 
is bounded, we can also cyclically permute factors of z and of 'z in the heat-kernel regularized trace. 
Note that z{t +1') = e~^'^z{t)e^'^. Then for 0 < t < s < /? and 0<t-|-a<s-|-a</d, we have 

C.y(t + a, s + a) = {z(t a)z{s a))^ = {e~°'^z{t)z{s)e°‘^'^^ = {z{t)z{s))._^ = C.y(t, s) . (11.18) 
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For 0 < s < t < (3 and 0<s + a<t + a<(3 the same result holds. Hence C^(t, s) = is a 

function of the time difference. 

We extablish the twist property in a similar fashion. For 0 < t < s < /3, we have 


C^(t — s + /3) — 


For the case 0 < s < t < /?, write 


{{z{t -s + /3)z(0))+)^ = {z{0)z{t -s + P))^ 
{z{t - s + f3)z{(3))^ = - s) . 


C^{t-s-(3) = {{z{t-s)z{l3))+)^ = {z{t-s)z{l3))^ 

= (z(O)z(t - .))^ = mt - s)zm^)^ 
= - s) . 


(11.19) 


( 11 . 20 ) 


II.4 Holonomy Moves 

In this brief section we explain the idea of holonomy moves, namely the elementary steps in the 
holonomy expansion that we introduced in 0]. We explore here an elementary special case of a 
holonomy move. This case arises if we assume that there exists a complex-valued function s = 
s{m,j3,9) such that S satishes the commutation relation, 

Se-^^u{eY = se-^^uieys. ( 11 . 21 ) 

Let (ST)^ denote the twisted expectation of the product of S and T. 

An S'-holonomy move is an identity that involves moving S through the trace, and cyclically 
back to its original position. In particular, we may move S' in a clockwise fashion and exploit the 
relation (|II.21|) to permute S cyclically in the trace. We hnd that 

(ST), = (TS), + (|S, T]), = s(ST), + ([S, T|>, . (11.22) 

As long as s 7 ^ 1, this S-holonomy move generates the identity between expectations, 

{sr), = -4^([s,r|),. (11.23) 

The same identity can be written as 

{ST), = (11.24) 

We might also interpret this latter identity as coming from counter-clockwise movement of S through 
the expectation, which generates the relation 

(ST), = i!-‘(TS), = i!-‘(ST), + i>-‘(|T,S]), . 


We use the S-holonomy identity (|II.23|) , (|II.24|) below. 


(11.25) 
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II.5 The Twisted Oscillator Gibbs Functional is Gaussian 

In this section we show that the twisted Gibbs expectation is Gaussian. Our proof is an elementary 
application of two holonomy moves. Let {{ti, SjJ, (^ 2 , Si ^),..., {tn, denote one of the n\ pairing 
of {ti, with {si,... ,s„}. 


Proposition II. 3. Let H 

equals 

c ,{0 

and 


Hq and I 7 I < 1. Then the pair correlation function C^{t,s) 


2m (1 — 7 ) 


^ e-^^ + 


_c™? 


2m (1 — 7 ) 




2m 


0 < G^(0) = 


1 - 


2m y |1 — 7 p 


= 

(11.26) 

(11.27) 


Furthermore, the general expectation of time-ordered products of coordinates satisfies the 

Gaussian relation 


(^{z{ti)---z{tn)z{Si)---z{Sr))^)^ = 6nr <^7 (G “ S* J ■ ■ ■ (f„ - ) . (11.28) 

pairings 


Remark. In particular, if ti = t 2 


■ ■ = tn = Si = ■ ■ ■ = Sn, then (zz)'^ = n\ 


Proof. Let us begin by verifying ( |IL28|) . In the course of this we also show (|IL26| ). Hence ( [1L27|) 
results from the evaluation 


G,(0) 


1 

2m 



7 

1-7 



1 

2m y |1 — 7 | 2 y 


(11.29) 


We argue that ([tL28|) vanishes except for n = r. As U{6) commutes with H, the expectation (■ 
is invariant under U{6) in the sense that 


(T)^ = {u{e)TU{ey)^ . (ii.so) 

We take for T the time-ordered product, T = (z(ti) ■ ■ -zit^z^Si) ■ ■ ■z{sr))+. Then we have 

U{d)TU{ey = ^ ( 11 , 31 ) 

and 

(T)^ = (T)^ (11.32) 

for all 9. In case n y r, this can only be the case for (T)^ = 0. Thus we restrict attention to the 


case n = r. 
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It is no loss of generality to relabel the times so that the smallest time is either si or ti. Let ns 
hrst consider the case that 0 < si < < /3. Dehne 

T = ■ • • ^tn)z{s 2 ) ■ ■ ■ z{sn))+ . (11.33) 

Fnrthermore, let Tj, for 1 < i < n, denote T with the factor omitted. We rewrite the 


expectation (|II.28|) in terms of the operators T and Tj. Since H and U{6) commnte, by cyclicity of 
the trace we can write 

{{z{ti) ■ ■ ■z{tn)z{si) ■ ■ ■ z{Sn)) + )^ = {zT)^ . 

We claim that this expectation satishes the Gaussian recursion relation 

n 

{{z{ti)---^tn)z{si)---z{sr))+) = {zT)^ = - Si) {Tj)^ . 

i=i 

The second case, on the other hand, is 0 < < si < /3. In this case we dehne 

s = {z{t2) ■ ■ ■z{tn)z{si) ■ ■ ■ , 

and we have 


(11.34) 


(11.35) 


(11.36) 


{{ziti) ■ ■ ■ z{tn)z{Si) ■ ■ ■ ^(Sn)) + ) = {zS)^ 


(11.37) 


Dehne S'*, for 1 < z < n, as the operator S with the factor z{si) omitted. In this case, we claim 
that this expectation satishes the conjugate Gaussian recursion relation 

n 

{{z{ti)---z{tn)z{si)---z{sn))+) = {zS) ^ = Y,C^{ti - S j) {Sj) ^ . (11.38) 

i=i 


The identity (|II.28|) then follows by iteration of the recursion relations ( |1I.35|) and ( [1I.38|) . 

We now prove ([tl.35| ) and ([tl.38| ), and thereby complete the proof of the proposition. Begin the 
proof of ([1I.35|) by rewriting ( |II.34| ) in a form where we can apply a holonomy move ( |II.23| ), with S 
equal to an annihilation operator or a creation operator. Using ([tl.3|) . 


((2:(fi)---^(fn)^(si)---^(sn))+)^ = -^=((a;+ a_)T) 


(11.39) 


Let us consider the two terms separately. 

In performing a holonomy move, we need to evaluate the commutators between a_ and T or 
between a\. and T. One can commute a± with z or z using 


[a_, z] = (2m) 


1/2 = -[al,z] 


and 


[a!)_, z] = [a_, z] = 0 . 


(11.40) 


These identities follow from (|IL3|) and the canonical commutation relations ([11.2|) . In order to 
commute a± with e~*^ or U{9), use the basic identities that are a consequence of ( |IL4|) , 


a±e-‘^ = e-^^e-^^a± , 


and a±U{e)* = e^*™U(0)*a± . 


(11.41) 
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Thus 


i-e-f^^U{dy = 7 e-^^[/( 0 )*a_ , and a+e-^^U{dy = ^e-^^U{eya+ , 


(11.42) 


The relation ( [II.42|) shows that a_ and a+ satisfy the hypothesis ( [IL21|) with s = ^ and 

s = 7 respectively. Furthermore, by substituting U{—6) for U{6) and taking adjoints, we obtain 
similar relations for a^, 


ale-^^U{ey = 'j-^e-^^Uieya* 


+ > 


and 


i*_e~^^u{ey = T^e-^^u{eya*_ . (11.43) 


Hence a± and their adjoints may be used to dehne holonomy moves of the form (|11.23|) or (|11.24|) . 

Let us begin by expanding the second term in ( [tl.39|) . We perform an a_-holonomy move and 
substitute the identity (III. 23 ). Using ([tl.40|) and (|II.41|) we have 




;_ p-'mitj-si)rp 


Therefore 


1 

\a-T)^ = 


\/2m 


y 

2m (1 - 7 ) 




{Ty, ■ 


(11.44) 


(11.45) 


On the other hand, for the hrst term in ([11.391) , we choose perform an a))_-holonomy move. In this 
case, we refer to ([II.43|) that gives the representation (|II.21|) with = 7 . Use (|II.40|) to obtain 


V 2 m 


Then we write the alternative form (|11.24|) of the a+-holonomy move as 


1 


\/2m 


alT) = 




7 2 m (1 - 7 ) ^ 


{Ty 


J/'J 


Add ([11.451) and ( |II.47|) , so that (|II.34|) — (|II.39|) become 

” 1 / T 1 


T) = _ I ^ I 

2m 1^(1-7) 


( 1 - 7 ) 




{Ty. 


(11.46) 


(11.47) 


(11.48) 


Note that in the case n = 1, then Ti = I and (zT)^ = C^{ti — Si). Thus we have also proved that 
(in the case that 0 < Si < ti < /?) 


C’yitl Si) 


_g^hi-si) _j_ 




(11.49) 


2 m V (1 -7) (1-7) / 

as claimed in (|II.26|) . Insert the identity ([II.49|) into (|II.48|) , to yield the desired recursion relation 

(Ell)- 















































Twist Positivity 


15 


Next, let us treat the case 0 < ti < Si < /? and establish (|11.38D. In place of ([11.39|), we use 


((2;(ti)---z(tn)^(si)---z(s„))+) = ^i=((a+ + al)^) , 

^ 'T A/2m ' ' 


(11.50) 


with S given by (|II.36|) . Consider hrst the a+-term, and perform an a+-holonony; observe that 
(|ff.43|) ensures s = 7 . Furthermore, in place of (|11.44|), we use 


V2m 


Thus 


Similarly, we obtain 


1 / Q\ ^ 1 


\/2m 

1 


-m(sj -ti) / c;- \ 


1 7 


_ _ / C .\ 

2m (1-7)^" ^ 


a*_S) =-——'■—r e" 


Adding ( [IL52|) and ([II.53|) we infer. 


” 1 / 1 
i^s), = Y.^‘ 


^ 2m y (1 — 7) 


(1-7) 




(11.51) 


(11.52) 


(11.53) 


(11.54) 


In the case n = 1, note that Si = /, so that ([II.54|) reduces to 

(7 7, _ sA = — I _ - _ p-™Cl-*l) J_ 7 _ 


(11.55) 


thus establishing ( |11.2(j|) in the case 0 < ti < Si < /3. Inserting this identity into ( |11.54|) completes 
the proof of ( |II.38|) and of the proposition. 


II.6 Fourier Expansions 

We encouter functions f(t) on the interval [0,/3] that are continuous and satisfy the twisted peri¬ 
odicity condition 

fiP) = e-*™/(0) . (11.56) 

According to Proposition II.2, the kernels C^(t) and C^(t — (3) have this property. We expand such 
functions in Fourier representation of the form 

fit) = Y. . (11.57) 

Ee^Z 

In fact, on the interval [0,/3], linear combinations of the Fourier basis functions with f3E G 

27rZ are a dense subset of L^([0,/3], df). Furthermore the smooth function of t, dehnes a 
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multiplication operator on L^([0,/?]). The modulus of this function is one, so the multiplication 
operator is unitary. Thus the functions also span Functions f{t) on [0,/3], 

that have pointwise convergent Fourier representations ([11.57|), both satisfy the boundary condition 


(|II.56|) also extend (using this representation) to functions on the line M that satisfy the twist 
relation 


Then 


with 


and 


/(t + /?) = e-™/(t). 

(11.58) 

i follows. Define the set 


f = {E:f3E = 27rZ - ^6} . 

(11.59) 

f(t) = /(B)e“‘ , 

(11.60) 

E£K.y 


JO 

(11.61) 


(11.62) 


EeK^ 


II.7 The Oscillator Pair Correlation Operator 

Regard the pair correlation function C^(t, s) as the integral kernel of an operator on T^([0, (3], dt), 


so 


{C,f){t)= [^C,{t,s)f{s)ds 
^ 0 


(11.63) 


Denote the pair correlation operator. 

Proposition II.4 The operator is self-adjoint, strictly positive, and bounded. In fact. 


0 < = c; < M , 


where the upper bound M equals 


M = max { ( I 


-1 


'27r-nd 


-1 


+ m 


(11.64) 


(11.65) 


In particular, M is singular only if 0 E {0, 27r/r2} = Tgjng and also m ^ 0. 


Proof. The function ([tl.26|) satishes 


C.y{s,t) = C-{t,s) = C-f{t,S) . 


(11.66) 
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Thus is a hermitian operator. Furthermore, C^{t,s) is a bounded function on the compact set 
[0,/3] X [0,/3], so the operator is Hilbert-Schmidt. In particular is bounded and self-adjoint. 
In order to show that is strictly positive and to compute the upper bound M, we compute the 
spectrum of C^. 

We compute the Fourier series for The variable ^ lies in the interval [—/3,/3] and the 

satishes the twist relation ([1I.17|) . Thus 

C,{0 = E (11.67) 

EGK-y 

with the consequence that 

{f,C^9) = [ dt [ dsf{t)C^{t - s)g{s) 

Jo Jo 

= f Y. C-,{E)J{W)g(E) . ( 11 . 68 ) 

EeK-./ 


This identity gives a diagonalization of C.y, so the spectrum of is the set of values of 


liC.,(E)= f , 

'J 0 


as E ranges over and for such E we have 
1 — 7 JO m + %E 


and 


2 _ i — 

1 — 7 Jo m — iE 


Hence we infer from (|1I.26|) that 




2m \m + iE m — iEJ E"^ + rn? 

The positivity of follows, as well as the value of M = ||C'.y|| in ( [11.65|) , namely 

M = sup (e"^ + m^) 


. -I 


E&K-y 


Hence the proof of the proposition is complete. 

We summarize the last calculation by the statement. 


(11.69) 


(11.70) 


(11.71) 


(11.72) 


Proposition II.5 The pair correlation function C^{t,s) has a Fourier series 


C^{t, s) 


- y —^— 


^iE{t—s) 


(11.73) 


where is dehned in ([H.59|) . 


















18 


Arthur Jaffe 


II.8 The Oscillator Pair Correlation Function Has a Complex Period 

The pair correlation function C^{t, s) = C^{t — s) is a function of the difference variable ^ = t — s. 
We now see that C^{^) has a natural extension to all complex and this function has a complex 
period. Let 3^(0 and 9(0 denote the real and imaginary parts of ^ respectively. This extension is 
neither holomorphic nor antiholomorphic, but in each strip nf3 < 3^(0 < {n + l)f3, it is the sum 
of a holomorphic and an antiholomorphic part. Furthermore, it is continuous, single-valued, and 
periodic, with a complex period r]. The extension also obeys the reflection principle 


c ,(0 = c ,(-0 • 


(11.74) 


For ^ real, the limiting case 7 = 0 (obtained from (7.^(0 as /3 —> cx)) equals Let us 

dehne the extension of C'o(0 to all ^ G C by 




if 3fJ(O<0 
if 0<3fJ(O. 


(11.75) 


Clearly, (11.75) satishes (|11.74|). Introduce the complex periodic function 


*^7(0 = H ^o(^ + krj) , 


(11.76) 


dehned for all complex We choose the period rj of (^ 7(0 to equal 

.ne 


r] = f3 + i- 


so 


m 


7 = e"™’? 


(11.77) 


We now show that the sum ( |11.76| ) agrees with the function (|11.26| ) in the domain of dehnition of 
the latter, and thereby dehnes a natural extension of (|tL26|) to the entire complex ^ plane. 


Proposition II. 6 . Let £ 7(0 V given by ( \U. 7(\ ) and ( \IL 77[ ) respectively, with I 7 I < 1. Then 
a. Given n E Z, let ^ lie in the strip n(5 < 3fJ(.^) < {n + 1)/?. We also write ^ = n(3 + ^ 1 . Then 


c:7(0 = 


-,—inQ9 


2m 




1 - 7 . 


e 


m^l 


7 


1 - 7. 


(11.78) 


b. For real ^ in the interval —(3 < ^ < f3, the function £ 7(0 ■ ISfj agrees with 


c. The function £ 7(0 ( |//. ISf obeys reflection symmetry (fli. 74^ ), and also satisfies the period¬ 

icity relations 

+ 7 ) = £ 7(0 , and (Lflf + fl) = , (11.79) 


for all ^ G C. 
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Proof. The representation ( [11.7(^) follows from ( [11.75|) and the dehnition ([11.76D . We evaluate the 
sum over translations kr], fc G Z, by splitting the sum into the two ranges —oo < k < —n — 1 and 
—n < k < oo. Note that the expression ( 11.78 ) is single valued. In fact, it is the convergent sum of 
translations of the single-valued function ([tl.75|) . The value of ([1I.78|) with 3?(^) = nj3 is 


^—inQO 


7 


2 m 


+ 


1 — 7 1 — 7 


-,—inQ,9 


2m 




1 - 


|1 -7|^ 


(11.80) 


This could be obtained either from the formula (|II.78|) applied with purely imaginary, or with 
= P- Thus we have verihed part (a) of the proposition. 

The proof of statement (b) of the proposition merely involves the inspection of the function 
dehned by ( |11.26| ). Compare it with (|11.78| ) in the case that —jS < ^ < (3 (namely for n = —1 
yielding —(3 < ^ <0 and for n = 0 yielding 0 < .^ < /9)- We easily conclude that the two functions 
agree. 

In order to verify the reflection symmetry ([tl.74|) , we use this symmetry for Cq- Then 


^o{-^ + nr])=J2 ^o{-^ -nr])=J2 ‘^o(^ + nr]) = , 

n^'Zi 


(11.81) 


establishing the desired identity. Also the fact that ^^(O is periodic with period 7 is a consequence 
of the dehnition ([tl.76|) . Then, for all 


+ /3) = + /3 - 7) = (f J 


(11.82) 


But ^ and ^ have the same real part. Hence using (|II.78| ) to evaluate (ra), we hud that 

translation by —iVLd/m does not affect n. In only affects the exponential factors in ( |II.78|) , and each 
is multiplied by This ensures that £..y(^ + (3) = This verihes statement (c). We 

have now checked all parts of Proposition II. 6 . 


Ill The Gaussian Path-Space Measure d/u^ 

III.l The Twisted Laplacian and its Green’s Operator 

Let ^^([O,/?]) denote the space of C°° functions on [0,/?] that have Fourier representations of the 
form 

f(t) = ^ f^E)d(E-nemt ^ 

EeKj 

where the coefficients f{E) are rapidly decreasing in E. Such functions are C°° and satisfy the 
twist relation 

fit + f3) = e-^^^fit). (III.2) 
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Endow 55)([0, P]) with the usual Frechet topology, given by the countable set of norms 

||/iu= sup {l + Ey\f{E)\ , (III.3) 

and as such 56)([0, /?]) is a nuclear space. The operator ^ acting on T^([0, {3]) with domain ^^([O, /?]) 
is skew-symmetric. Let Dq denote its closure. The operator —iDg is self-adjoint.Q Also the twisted 
Laplace operator Dl is the self-adjoint closure of ^ on the domain ^^([O,/?]). The resolvent of the 
twisted Laplace operator is called the twisted Green’s operator. We designate it 

Ge = {-Dl + m^)-\ (IIL4) 

and call m > 0 the mass using the usual name from physics. As an operator on iSe([0,/3]), or as 
an operator on L^([0,/3]), the twisted Green’s operator Ge has an integral kernel Geit^s) that we 
denote the twisted Green’s function. The twisted Laplace operator is translation invariant, and 
hence so is the twisted Green’s operator. In terms of the Green’s function, Geit, s) = Geit — s). 


Theorem III.l. The Green’s operator Gq equals the pair correlation operator G^ defined in 


Ge = 



(III.5) 


Proof. Identifying the operators G^ and Gg is equivalent to identifying their integral kernels, or the 
Fourier series of these kernels. We computed the Fourier series for the kernel of G^ in Proposition 
11.5, and clearly this agrees with the Fourier series for the kernel of Gg. Thus the operators agree. 
In addition, the orthonormal basis of functions 

eE{t) = e 50 ([O,/?]) , EeK^, (IIL6) 

are eigenfunctions of the operator G^, corresponding to eigenvalues are {E‘^ -|- 


III.2 The Measure 


Gonsider the Schwartz space Sg with the topology given by the countable set of norms (|IIL3|) . Let 
ujg G Sg denote a path in the space of distributions dual to Sg. Gontinuous functions ujg{t) pair with 
elements of Sg through the bilinear relation 


^^e(/) = / ujg{t)f{t)dt , (IIL7) 

_ Jo 

■^Note that ^ defined on the domain G“([0,/3]) of smooth, compactly supported functions, has dehciency indices 
(1,1), so ^ has a one-parameter family of skew-adjoint extensions. Here 9 parameterizes this family, as Wightman 
discussed in his 1964 Cargfee lectures 
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and this pairing extends by continnity to Sg. The pair correlation operator maps Sg continnously 
into itself. Therefore there is an adjoint map that is a continnous linear transformation of Sg 
into itself, dehned by 

(C>„)(/)=i..„(C,/) (III.8) 

The kernel C^(t,s) = C:^(t — s) of is the complex conjngate of the kernel of C.y, so using the 
twist relation of Proposition II.2, we infer 

C+{t -s +(3) = - s) . (III.9) 

As a consequence, continuous elements coe satisfy a twist relation dual to the twist relation ( |1I.58| ) 
for functions, namely 

UJgit + p)=e^^^UJg{t) . (III.IO) 

The identihcation of C.y in Theorem III.l ensures that if 

|7|<1, 7^1, (III.ll) 

then is a continuous map of Sg to Sg in the Schwartz space topology. Furthermore, acting 
on L^([0,/3]), the operator is strictly positive and has a bounded operator norm. Such a 
is an appropriate covariance operator for a Gaussian probability measure on the dual space S'g of 
generalized functions. See for example Chapter IV of [|I[, §A.3-A.6 of P|. 


Definition III.2. Let I 7 I < 1 and 7 7 ^ 1. Let = dfi^{ujg{-)) denote the Gaussian probability 
measure on Sg with vanishing first moments 


0 J Ulgi^f'jdp,^ , 

and with second moments 

jujg{f)ujg{g)diJ,^ = 0 , and Jujg{f)ujg{g)dij,^ = 


L2 


(III.12) 


(III.13) 


The Gaussian recursion relation for moments of dfx^, along with (|III.13|) ensure that the moments 

" (III.14) 


Is' 


(Jg{ti)uJg{t2) ■ ■ ■ UJg{tn)iOg{si)uJg{s2) ■ ' ■U}g{Sr)dfi^ 


vanish unless n = r. As usual, the measure dfi-y is concentrated on the set of Holder-continuous 
functions on [0,/3] with exponent less than i. We now identity that the twisted Gibbs functional 
(■ )^ of ( | 1 I. 11 |) , applied to coordinates, equals the moments of the measure dp,^. 


Proposition III.3. 

the expectation 


(Gaussian Feynman-Kac Identity) Let H 

■Hf,(u(eY ■ 


Hq and I 7 I < 1. Consider 


(III.15) 
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Then expectations of time-ordered products of coordinates, defined in are moments of dp.^. 

[{z{ti)z{t2) ■ ■ ■z{tn)z{Si)z{s2) ' ■■z{Sr))_ 

= / uje{ti)uje{t2) ■ ■ ■uJe{tn)ioe{si)ioe{s2) ■ ■ ■uJe{sr)dp-f ■ 

JSg 

(III.16) 


Proof. According to Proposition II.3, the left side of ( |III.16| ) is a Ganssian fnnctional, and it 
vanishes unless n = r. The right side of (|III.16|) is Gaussian by dehnition. Likewise in Dehnition 
III.2 the hrst moments of the measure dp^{ujQ{-)) are dehned to vanish. Hence it is sufficient to 


identify the n = r = 1 expectation on the left side of (|III.16|) with the corresponding second moment 
on the right side of (III.16). But the n = 1 expectations agree by definition, so the proof is complete. 


Remark 1. The twisted expectation ( |III.16| ) of time-ordered products of coordinates agrees with 
the moments of the measure dp-^. So it is natural to use the same notation (■ for an integral 
in Sq and also for the twisted Gibbs functional on the Hilbert space L^(C). This notation should 
cause no confusion, so we write 

{F)^ = f ^F{u;e,uJd)dp^. (HI.17) 

^ Sa 


Remark 2. The measures dp are associated with distinct notions of positivity. The first notion is 
ordinary positivity as a measure stating that the integral of a positive function is positive, 

/ \A\^dpp^e > 0 . (HI.18) 

A second notion of positivity expresses the fact that the Gibbs state at zero twist must be positive 
when evaluated on a positive operator. 


(HI.19) 

This condition is called reflection positivity when it is expressed in terms of the measure. Suppose 
that the operator A denotes a time-ordered product of the coordinates z{tj) and the zfljfs, where 
(3/2 < tj < (3. Let A denote the same product of uieitjfs and ujeitjfls. Define a linear time 
reflection operator 0 on paths so that it reflects the time of a path about the midpoint of the time 
interval [0,/3]. In particular, let {Qui 0 ){t) = ui 0{(3 — t). Extend this definition to functions of paths 
as (0A)(a;0) = A^QuJe). Then ( [111. 19|) is equivalent to the statement that 



{QA){uj0)A{uj0)dpi3^o > 0 , 


( 111 . 20 ) 
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where A{ujo) denotes complex conjugation of the function A{ujq). For 0 = 0, the measure 
satishes reflection positivity. The reflection positivity of a Gaussian measure is equivalent to reflec¬ 
tion positivity of its covariance. [| 


III.3 Gaussian Integration by Parts and Mass Renormalization 


The measure with covariance s) satishes an integration by parts formula. Let us consider 
the path ooe and the complex conjugate path Ug as varying independently, and let F{uJo,uJo) denote 
a functional on on Sg. We say that F is differentiable if for 0 < t < f3 the limits 


dF F{ujg + e6t, UJg) - F{uJg, UJg) 

——— = hm- 

dug {t) e 


and 


OF F{ug,Ug + e6t) - F{ug,Ug) 

= hm- 

dUg{t) e 


(III.21) 

exist, where 5t denotes the Dirac measure translated by t. We may assume that the limit dehnes 
an element of Sg. Since acts on Sg, it also acts on Sg, and we denote this action by 


Ug{-) {C^Ug){-) = f C^{-,t)ug{t)dt . 

0 


(III.22) 


Proposition III.4. (Integration by Parts) Let F denote a differentiable, polynomially bounded 
function, and let I 7 I < 1. Then 


{ug{s)F)^= f C^{s,t) 
0 




and {ug{f)F)^ = C^{s,t) 


dF \ 

dug{s)l^ ® 


(III.23) 


Remark. These identities follow immediately from the properties of Gaussian integrals. The 
two relations (EH) are related to each other by complex conjugation. The continuity of the 
expectations , etc., at the endpoints of the interval s G [0,/3] ensures that the integration 

can be extended to the endpoint. This is the case if ug is averaged with smooth test functions. 
In terms of the Feynman-Kac expectations, a special case integration by parts corresponds to the 
recursion relation ([II.35|) for the trace functional. In this case we require Dirac measures as test 
functions. Take, F{ug,u^) = ug{Ss 2 -si) ■ ■ ■ i^e{dsr,-si)lide{Sti-si)uie{dtr,-si)- Then 




generates the relation ([II.35|) . 

Given e > 0, introduce the measure 




®For a discussion of reflection positivity in more detail, see j|]. 


(III.24) 


(III.25) 
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where the partition function is 


3(7, e) = fo 

Also dehne the expectation 




(111.26) 

(111.27) 


Proposition III. 5. (Mass Renormalization) Let 7 = e where I 7 I < 1, and let e > 0. 

Also let m' = ^/rn? + and 7 ' = Then 


Furthermore, 


df, d • 


3 ( 7 , e) 


1 - 7 P /3(m-m7 

1-7? 


(111.28) 

(111.29) 


Proof. The measures and dpy are both Gaussian probability measures with mean zero. There¬ 
fore the measures agree if and only if they have the same covariance matrix. We use the integration 
by parts identity (|1II.23|) to prove this fact. Start from this identity applied to (ujfl(t)ujf)(s)) , 

\ / 'y,e 

yielding 

_ _ 

Lj0{t)LJg{s)') =C^{t,s) — e^ / C.y{t,u)(uj0{u)uj0{s)') du. (III.30) 

JO ' ' 7>e 


This can also be written 


(J -|- e^G^)/a; 6 i(-)<^ 6 i(s)) — s) , 


(III.31) 


with C-f = {—Dj + m^) The solution to this linear equation is the covariance of d/i 7 ,e with 
the kernel C^^^{t,s) = /^z u! 0 {t)uj 0 {s)d^^^f: = (u! 0 {t)u! 0 {s)) . Then 

0 \ I 'YjC 


= (J + = {cy + eT = {-Di + + e^)"' = Gy , 


(III.32) 


as claimed. 

As a consequence of the mass renormalization formula, and with H given in ( |11.4|) , we have the 
identity 


3 ( 7 , e) = 

Furthermore by Proposition II. 1, 


TVf, (u(e) 


v-/3W+Phr) 


T's (F(») 


Tr^ {U{dYe-hy 




|1 - 7'|2 ’ 


(III.33) 


(III.34) 


so (|III.29|) follows. 
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III.4 Gaussian Normal Ordering of Operator Products 


Each Gaussian functional ( ■ )^ on coordinates z{t) and ^(s) defines a “normal-ordering” of polyno¬ 
mials in the coordinates. In the case that this functional is the expectation on the zero-particle state 
in Ti, namely for the case that q = 0, the normal-ordered product coincides with the Wick-ordered 

product. We denote the normal-ordering of z{tY z{tY by :z{tY z{tY''y Dehne 


= G..y(0) > 0 , 

where the positivity is a consequence of (|II.27|) . Let 

min{r,s} 


min{r,s} / \ / \ 

\ntYz{tY\, = E (-1)^'Q Q j'-z{tr^ 


(III.35) 


(III.36) 


In particular, a few of these normal-ordered monomials are 


\zitr\, = 

zity , 

\zit)''\, = yty , 

(III.37) 

\z{t)\% = 

W)\^ 


(III.38) 

\z{t)\% = 

W)\^ 

- 4c^|2:(t)|^ -F 2 c^ , 

(III.39) 

\z{t)\% = 

\z{tY 

- QcYz{t)\'^ + 18c^ - 6 c^ . 

(III.40) 


Note that g) jl = (g)j!)^jT, so another expression for the normal-ordered monomial is 




(III.41) 


This latter dehnition preserves its form when extended linearly to a general class of functions of z 
and 'z at equal time. For 7 7 ^ 0, the constant c.y has a limit as m —> 0 with 6 hxed (see below); on 
the other hand, the no-particle expectation of \z\^ diverges. For this reason, we conclude that the 
qualitative behavior of normal-ordered monomials depends on whether 7 = 0 . We are interested in 
certain aspects of the infra-red (7 — 0 ) limit. 

A principle property of these normal-ordered monomials is their orthogonality in the sense that 

(\z(tYz{tYY WYzit'Y'-i) = ^rs'Ssr' ri s! c^{t - t'YCYt' - tY, (111.42) 


and in particular 

Also for r = s and r' = s', 


:z{tYz{tY''-y) = 0 • 

/ ■y 


\\z{t')\‘^'^'Y) = Srr'viYcYt - tOT" • 

/ y 


(III.43) 


(III.44) 



26 


Arthur Jaffe 


III.5 Gaussian Normal Ordering on Path Space 

There is an equivalent notion of Gaussian normal-ordering of functions of paths uj 0 {t) on 5^. In this 
case, normal ordering of a monomial with respect to the measure arises as the orthogonalization 
of the monomial to polynomials of lower degree in oje or uJg. This leads to polynomials in coq and 
uJg. In particular, with the dehnition 


A 


UJg 


L 


0<t,s<P 


C^(t — s) 


d d 

dooeit) dUJ^is) ’ 


(111.45) 


we can dehne 

:F(a;e,a^):^ = e"^“eF(a;0,. (111.46) 

Then some normal-ordered (Hermite) polynomials are In particular, a few of these normal-ordered 
monomials are 


= Mtr , , (111.47) 

\\u;e{t)\% = \MtW-c-y, (111.48) 

\\u;0{t)\% = |a;,(t)r-4c,|a;,(t)p + 2c^, (111.49) 

:\uj0{t)\% = |a;0(t)|® - 9c^|a;0(t)|'‘-M8c^|a;e(t)|^ - 6c^ , (111.50) 

etc. The integrals of these polynomials satisfy 

(-.uj^ityueity -.yuj^yy' Mty'y) = Srs'Ssr'visicyt-t'ycyt'-ty . ( 111 . 51 ) 

III.6 The Zero-Mass Limit (m ^ 0) 


We consider here the m —0 limit with the inverse temperature (3 hxed. In terms of 7 this entails 
the radial limit I 7 I —>■ 1. Neither the expectation (|11.11|) , nor the coordinates (|11.3|) are dehned 
in this limit. However, the measure is well-dehned. The following result, combined with the 
identity of Proposition 111.3, allows us to extend the functional ([11.11|) to the case m = 0. Recall 
the dehnition of Tsmg in ([1.16|), as well as the normalizing factor 37 given in ([11.111). 


Proposition III. 6 . Let 7 = e and I 7 I < 1. 

a. There is a eonstant M, independent of m, /3, 9 such that the partition function 37 satisfies 

M 

0 < 37 < • (111.52) 

b. If 0 y Tsing, then the measures dfi^{u! 0 {-)) converge weakly as measures on Sg as m —>• 0 with 
/3, 9 fixed. 
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c. 


The expectations {{z{ti)z{t 2 ) ■ ■ ■ z{tn)z{si)z{s 2 ) ■ ■ ■ 
fixed. 


converge as m ^ 0 with (3, 6 


Remark 1. For a particular phase the nuclear space Sg is independent of m. Thus we 
can formulate continuity and convergence of the measures dfi.y{uje{-)) on a hxed space Sfi If we 
allow the phase of 7 to vary, then we must formulate a more general notion of continuity 
and convergence involving a family of measures on a family of spaces. In this broader context 
convergence of moments, satisfying some uniform bound, provides a natural framework. We have 
investigated such convergence in a related problem some time ago [Q, but we do not discuss these 
questions further here. 


Remark 2. Let m = 0, and let 7 = e®^® 7 ^ 1. By comparing Proposition II.3, Proposition II.5 and 
(EH), we evaluate the kernel of C.y as 


C^{t,s) 



(III.53) 


In fact, (|III.53|) is independent of t and s, so 





fi0)m • 


(III.54) 


Proof. The bound (|III.52D follows from the explicit form of 37 established in Proposition II. 1, as 
well as the bound |1 — 7 I > const, fim. The bound of part (a) follows. 

For hxed Q6 the space Sq remains hxed. Gelfand and Vilenkin |]I| show in §IV.4.2 that weak 
convergence of Gaussian probability measures on a hxed nuclear space is equivalent to convergence 
of the hrst and second moments as operators on the nuclear space. In the m —>■ 0 limit that we 
consider here, the eigenfunctions of C.y remain hxed, while the eigenvalues converge as m —0, 


PC{E) = 


1 


E^ + 




1 


(III.55) 


For 9 G (0, and bounded away from the endpoints of the interval, E is bounded away from zero. 
Hence the operator C.y is norm convergent as m —0. 


III.7 The Zero-Temperature Limit (7 ^ 0) 

The massive zero-temperature limit is /? —>■ 00 with m > 0 hxed, as (3 denotes the inverse tempera¬ 
ture. In terms of 7 , this is the limit 7 ^ 0 . The limiting covariance is just the vacuum expectation 
value 
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and it does not depend on the twist angle 6 . Interestingly, the vacuum expectation covariance 
(|III.56|) has no zero-mass limit, and this is one aspect of the “infra-red” problem alluded to in §1. 

There is a different normalization of the coordinate that corresponds to the standard normal¬ 
ization used in the discussion of the zero-momentum mode of a quantized string. Let 


■^bare ^ ^ Z ^ ^ 


-|- Cl—) 


(111.57) 


denoting the coordinate similar to ([II.3|) but without the scaling by Then the twisted 

expectation of the time-ordered product of coordinates Zbare and their conjugates do have a zero- 
mass limit, determined by 


limC."^^'^(0 = lim((^ba 


7^0 


7^0 


5(^)2^bare(s)) + ) = Cq 






(III.58) 


Finally we remark that the m —>■ 0 and the 7 —> 0 limits cannot be interchanged. The m —>■ 0 
limit of the pair correlation function ( [111.53]) has no /? —*• cxo limit. Likewise, the 7 —> 0 (or (3 —*• cxo) 
limit ([111.56]) has no m —> 0 limit. 


IV The n-Component Oscillator 

The oscillator treated above has a straight-forward generalization to an n-component oscillator with 
the coordinate taking values in C**. Likewise, there is an probability measure on vector valued paths, 
whose integrals give rise to twisted Gibbs expectations with respect to the n-component oscillator. 
We a brief outline of these properties here. 


IV. 1 Complex Operator Coordinates 

Let 2 ; = {zi, Z 2 , ■ ■ ■, Zn} e C” denote this coordinate. We may express 2 ; in terms of 2n independent 
annihilation operators aj±, j = 1 ,..., n, and their adjoints. 


= 



and dj 



(IV.l) 


Introduce the mutually commuting number operators iV+ = J2j'=i(^j+o,j+ and iV_ = 
We express the Hamiltonian H = Hq and the twist generator J as 


n n 

Ho = Y, m{Nj+ + Nj_) , and J = J2 “ ^i-) • 

i=i i=i 


(IV.2) 


We only consider equal masses here, but we allow for different twist weights for the twist in each 
coordinate direction. Then U{6) = generates the transformation 

Zj ^ U{6)zjU{6)* = , that we also write as U{9)zU{9)* = z . (IV.3) 
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Likewise 

dj u{e)djU{ey = . (iv.4) 

The corresponding expectations (■ )^ on [C^, d"'z) depend on an n-component parameter 7 = 
{ 71 ,..., 7 „}, with 7 j = Q]^ account of Proposition III. 6 .a, the partition function satishes 

M” 

0 < 3, < . (IV,5) 

where M is a constant independent of m, n, (3, 6. The expectation of one coordinate vanishes, and 
the expectation of two coordinates equals 


C^{t,s) = {z{t)z{s))^ , (IV.6) 

with C^(t, s) = Cj(^) a diagonal matrix, depending on the difference variable ^ = t — s. The entries 
of this matrix are {^ 7 ( 07 }) where I < i, j < n, and they equal 



cyOij = . 

(IV.7) 

Furthermore, 


(IV. 8 ) 

Dehne the constant cj 

as the j*^-component of the covariance on the diagonal, namely 



Cj = c^yo) , 

(IV.9) 

and let 

n 



^ ~ X/ • 

(IV.IO) 

More generally, let 




i=i 

(IV.ll) 


IV.2 Normal Ordering 

We revisit the combinatorics of normal ordering in the case of the multi-component oscillator. Let 
the number of components be hxed at n. Introduce the Laplacian on L^(C”) as 

n 

^c = T,Cfd,a,, (IV. 12) 

i=i 

Then dehne normal ordering of a function P{z,z) on L^(C”) by the Laplacian A.^ acting on P as 

'■.P{z^z)\^ = e~‘^‘'P{z,z) . 


(IV. 13) 
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As some particular examples, the following polynomials in \z\^ = kjP are normal ordered: 


= 1 , 

= l^l 


C , 


\z\^\^ = {\z\^)‘^ — 2c\z\^ + — 2 

i=i 


(IV.14) 
(IV. 15) 
(IV.16) 


If all the 7 j are equal, then Cj = c and these expressions simplify to 


:|zp:.y = l^l 


nc 


and 

\\z\^\^ = — 2{n + l)c|zp + n{n + l)c^ . 

These normal-ordered monomials have the orthogonality property 


(^.\z{t)\‘^% ;|z(s)l 


2k' 


.,/ =hAk'-f E niA(*-s 

z ki+k2 + ---k„=k j=l 


1 2ki 


(IV.17) 

(IV.18) 

(IV.19) 


where kj G Z_|_ ranges over non-negative integers. In particular ( [IV.17|) and ([IV.18|) reduce in the 
case n = 1 and k = 1, 2 to (|III.38|) - ([III.39| ), and ( |IV.19|) reduces in the case of equal y/s to ([III.44|) . 

The path space for the n-component oscillator consists of vector-valued paths ujeit) = 
that are parameterized by the set of numbers Thus cue : M —> • -©^g, with 

the implicit notation that the component of the path satisfies the periodicity condition 


The measure on Sq © Sq 


+ /3) — . 

I Sg is the product measure 

n 

= J([ , 

i=i 


(IV.20) 


(IV.21) 


and integrals with respect to this measure are related to the expectations in the twisted Gibbs 
functional (■ )^ by a Feynman-Kac formula similar to ( [T^ and ( |111.16| ). 


V Non-Gaussian Functionals and Non-Gaussian Measures 

The twisted Gibbs expectations in §II-IV are Gaussian. They arise from harmonic oscillators, 
and are they are characterized by a linear equation of motion. In this section we construct non- 
Gaussian Feynman-Kac probability measures providing Feynman-Kac representations for various 
twisted, non-Gaussian functionals. These examples arise from non-linear, twist-positive quantum- 
mechanical systems {H, U{6),Sj}. The twist-invariant Hamiltonians H = Hq + V are perturbations 
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of the Hamiltonian the Hamiltonian of a massive, n-component harmonic oscillator. We take the 
perturbation V = V(z,z) to be a twist-invariant, multiplication operator on C”. In the subsections 
that follow, we detail our assumptions on V, establish twist positivity, and establish the Feynman- 
Kac representation. For simplicity, we study polynomial potentials. We also investigate some 
aspects of the m —> 0 limit. 

V.l Allowed Potentials 

Definition V.l a. The potential function V(z,z) is allowed if it is a real polynomial in z and z 
that is hounded from below and twist-invariant, namely 

U{e)V{z,z)U{9y = V{y^^^Zj,e-^^^^Zj) = V{z,z) . (V.l) 


b. The potential V is elliptic, if there are positive constants Mi, M 2 < 00 such that 

\z\^ < Myv{z,z) + M 2 ) , 


(V.2) 


where \z\‘^ denotes 'E,j=i kjP- 

c. A potential V is infrared regular if there are positive constants Mi, M 2 < 00 such that the 
Laplacian of V satisfies 


^ d^V(z,z) 


< s) + M2) - 


(V.3) 


In the introduction, we mentioned some examples of acceptable potential functions. Clearly 
\z\^ is twist invariant, so any polynomial function of \z\^ that is bounded from below is acceptable. 
Another example mentioned in the introduction arose from the absolute square of a holomorphic, 
quasihomogeneous polynomial W. A holomorphic polynomial W{z) is quasihomogeneous with 
positive weights {flj} for the coordinates {zj} if 




dW{z) 


^ dz- 

j=i ^^3 


The identity (|V.4|) is the infinitesimal form of the relation, 

W{{e^^^^zj}) = y^W{{z^]) . 


(V.4) 


(V.5) 


In other words, quasihomogenity with weights {Hj} means that under twisting by U{9) (defined 
with weights {Hj}), 

U{9)WU{9y = . (V.6) 

A homogeneous, holomorphic polynomial has equal weights Vtj, equal to the inverse of the degree 
of the polynomial. The absolute square |IF(z)p of a holomorphic, quasihomogeneous polynomial 
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W{z) is twist-invariant. Furthermore, if W{z) is holomorphic and quasihomogeneous, then the 
/c*'^-component of its gradient dW/dzk is also quasihomogeneous with weights {%(! — In 

fact 


u{e)^^^^u{ey = , (v.7) 

OZk OZk 

yielding the claimed quasihomogeneity. Thus the absolute square of the gradient of a holomorphic, 
quasihomogeneous polynomial 


n 

v(z,z )= 




dW{z) ^ 

dzj 


(V.8) 


is twist invariant. 

Let us give some examples of holomorphic, quasihomogeneous polynomials W{z) and some 
potentials V(z,z). For instance, choose for W{z) to be a sum of monomials in the individual 
coordinates, 

n 

W{z) = ^ , where 1 < G Z . (V.9) 

i=i 


In this case, W is holomorphic and quasihomogeneous with weights Qj = l/rij. The squared 
gradient V = has the form 


n 


1 

to 

(V.IO) 

A second example is 


hF {zi, Z 2 ) = z\ Z 1 Z 2 , 

(V.ll) 

that is quasihomogeneous with weights VLi = 1/k and VL 2 = {k — l)/kl. 
squared has the form 

In this case the gradient 

V{z,z) = \kz\~^ + ■ 

(V.12) 


V.2 Hamiltonians and the Trotter Product Formula 

Let V & S) denote the domain of functions of and We say that the Hamiltonian H = Hq + V, 
with V an allowed potential, is an allowed Hamiltonian, and it has the form 

H =—dd+ Vi{z,z) , where Vi{z,z) = m^\z\^+ V{z,l.) — nm . (V.13) 


Since V is bounded below, it follows that Vi is elliptic. Such Hamiltonians H are known to be 
essentially self adjoint, and to have trace-class heat kernels , for all (3 > 0. 

The Trotter product representation is a form of the Lie formula for semigroups such as 
with unbounded generators. 


e 


-I3H 


st.hm 

N^oo V 


N 


(V.14) 
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For operators Hq and V that are self adjoint and bounded from below, and such that H = Hq + V 
is essentially self adjoint, convergence of the Lie-Trotter product formula ( |V.14|) is standard; see for 
example. Theorem A.5.1 of P]. We require a variation. 


Proposition V.2 Let H he an allowed Hamiltonian. Then the Trotter product representation holds 
in the form 


Jim Tr^ (^U{ey ^ . (V.15) 


Remark. The important point is that we can interchange the order of the limit over N and the 
trace as claimed in (|V.15|) . Let us dehne Tjv = e“^^oA'^e-/3PWg-/3Ho/27v_ Qig^rly T/v is self adjoint 
and positive. It is no loss of generality to add a constant to V so that 0 < V, and we make this 
assumption in proving the proposition. Therefore 

0 < Tjv < , (V.16) 


so Tat is bounded from above by the contraction semigroup generated by Hq. Rewrite (|V . 14| ) as 

=st.\imTy . (V.17) 

Af—>oo 

and (|V.15|) as 


Tl'f, {u{9re-^«) = lini TV, ((7(«)-T~) . 


(V.18) 


Proof. Let us denote the j**^-eigenvalue of Tn by e ^ where we order the eigenvalues so that 

is an increasing function of j. Then the eigenvalues of are then Likewise, denote 

the eigenvalues of by e“A ^ with Xj increasing. From the inequality ([V.16|) and the minimax 

principle, we infer that Xj < X^j. Furthermore, from the explicit form of the eigenvalues of Hq with 
mass m and for z E C"', there is a constant M > 0 such that Xj > Hence we conclude 

that there is a minimum rate of decay for the j*'^-eigenvalue of namely 

e-Wi < g-A- < ^ 

As a consequence, given e > 0, there exists J = J(e) < oo, independent of N, such that for every 

N, 

OO -1 

^ < -e . (V.20) 

j=J ^ 

Observe that U{6)*T]s[ = TnU{6)*, so U{6)* can be diagonalized simultaneously with each Tff. 
Let denote the spectrum of U{6)Tff in the corresponding orthonormal basis \N,i). We 
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compute the trace of U{d)*T§ in this basis, and the trace of U{6)*e in its basis \ j) corresponding 
to eigenvalues Thus using ([V.20|) , we have 


TVs (f/(») 




Jrs, {u(,er 

= Trg ((7(e)T") - TVs 

J 

El 




2 

< -e 
- 3 


j —Ajv ' 


A A n 


3=0 


(V.21) 


Since converges strongly to as —v cxo, we can use standard contour integral methods 

to establish that each eigenvector \N,j) converges strongly to the eigenvector \j) for the limiting 
operator. It follows that each eigenvalue converges to Hence the hnite number of 

eigenvalues in the sum on the right of ( |V.21|) converge as iV —v cx), uniformly for 0 < j < J. We 
therefore may choose iVo(e) so that for N > No^e), 


J 

j=0 


1 


(V.22) 


We conclude that we have shown that given e > 0, there exists Nq such that for N > No^e), 


Tr^ (f/(0)*e-^^) - Tr^ (f/(0)* (^e-f^Ho/2N^-pv/N^-i3Ho/2N\^ 


N 


< e . 


(V.23) 


This completes the proof of the proposition. 

Note that in the notation ( |11.15|) of products that are time-ordered with respect to the action 
of the semigroup we could also write 


Rs) (f( 9)T«) = Tr„ [u(eY (n 


^-§fV{z{{j-^)0/N),-z({j-\)0/N)) ^-0Ho 


(V.24) 


u'=i 


Thus we can interpret the convergence ([V.13|) as a convergence of expectations of time-ordered 
products. We need a more general form of convergence of time-ordered products. 


Proposition V.3 Let H he an allowed Hamiltonian. Then 
Tr^ {U{0)* {z{ti) ■ • ■z{tr)z{si) ■ • ■2r(v))+e"^^) 

= lim Ti^(u{6)* (z{ti) ■ ■ ■z{tr)z{si) ■ ■ ■ z{sr')T^^ 

W—»oo \ V / 


= Ji^Tr^ ^z{ti) ■ ■ ■ z{tr)z{si) ■ ■ ■ z{sr0 n|e n 


N 

n 


-§v{zaj-h0/N),zaj-h)0/N)) 


,-0Ho 


(V.25) 
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where time ordering in the first term of ( | V.2d^ ) is defined by , while in the other two terms it 
is defined by . 

The proof of this proposition is a variation on the proof of Proposition V.2, so we omit the 
details. 


V.3 Non-Gaussian Feynman-Kac Representations 

With V equal to one of our allowed potentials, consider H = Hq + V. In general the corresponding 
twisted Gibbs functional ( 0 ) is non-Gaussian. Recall our dehnitions of the twisted partition 
function and the twisted relative partition function, 


3, = Tr„ , 


Tt^ {U{e)*e-hHo) • 


From Proposition II. 1, generalized to the case z E 








(V.26) 


(V.27) 


Proposition V.4. Let H = Hq + V. Then 

a. The twisted trace of has the representation 

Tr„ (t/(9)*e-'’«) = 3, , 

where the twisted relative partition function has the representation 

b. The twisted Gibbs functional { ■ defined by 

, Trs (t/(9)- . e-^«) 

^ Tr^ {U{eYe-h^) 

has a Feynman-Kac representation given by the measure 

^-f^vMs\Tf{T))ds, 

dT-i = - Ta -^^ • 

/e-/o 

Thus for the time-ordered product coordinates T defined by 


(V.28) 


(V.29) 


(V.30) 


(V.31) 


^ ~ (^il(G) • • ' ^jr(fr)ZjY^l) ■ ■ 


(V.32) 
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and for the corresponding function of paths X defined by 


X{uj0,uj0) — Uj0{ti)uj0{t2) ■ ■ ■ Uj0{tn)uj0{si)uj0{s2) ' ' ■ Uj0{Sr) , 


the expectations satisfy 

{T)^ = I dpf; . 


(V.33) 

(V.34) 


Proof. Use Propositions V.2 and V.3 to write the twisted Gibbs functional in the form 
Tr^ (u{9)* T Tr^ ^{6)* T ^-gv/N^- pho/ 2 N^ ^ 

Tr^ (f/(6')*e-^^) ~ n-^ (^^-yHo/2N^-yv/N^-yHo/2N'j^'^ 


(V.35) 


We can now rewrite the expressions in the numerator and the denominator using Proposition III.3 
(in the n-dimensional case). In order to apply the Gaussian Feynman-Kac formula, we not only 
need expectations of time-ordered products of coordinates provided by the proposition as such, 
but we also need the Gaussian representation of bounded exponential functions by the 

corresponding function of paths, We obtain this extension from the general functional 

analysis of measues. 

Let us consider hrst the denominator of ([V.35|) . Using Proposition III.3 we obtain, for the 
normalized twisted expectation 


Tr^ (U{9y (^e-^Ho/2N^-yv/N^-yHo/2N 


N 


{U{9)*e-d^y 




(V.36) 


The factor Tr^ (f/(0)e-^^°) is the partition function 37 , and normalizes the expectation ([V.36|) . 
The same factor arises in the numerator of (|V.35|) , and the two partition functions exactly cancel. 
Using Proposition V.2, and also using cyclicity of the trace to replace ^e-dHol‘^N^-fSviN^- i3HoI2N 

by (y-h^o/N^-gv/N^ ^ have shown that 

T:r^{U{9)*e-^^) = lim Tr^ 


(V.37) 


= 37 lim 

' Af^ooJ ' 

= 37 / > 0 . 


In the last equality we use that fact that V is bounded from below, so the exponential on the right 
side of (|V.37|) is bounded uniformly in N. It also converges pointwise as V —»• cxo. Thus the integral 
converges by the dominated convergence theorem. 
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Note that twisted positivity for {H, U{9),9)} is a consequence of this Feynman-Kac representa¬ 
tion, along with twist positivity for {Hq, U{9),Sj}. We have now proved part a. of the proposition. 
In order to establish part b. of the proposition, we apply Proposition V.3 to expand the numerator 
of ([V.35|) . By a similar argument to the above, we obtain 


Tr^ (u{9yTe-^^) = 3-y X{u;g,uJ^)e 


-§ Ef=i V{uje{{j+y^/N),<^eaj+h)9/N)) 


djj,^ 


= 3, /. 


(V.38) 


Taking the ratio of (|V.38|) and (|V.37|) , we complete the proof of Proposition V.4. 


V.4 The Zero-Mass Limit, Revisited 

It is here that we make distinctions between the general allowed potentials in Dehnition V.l, and 
those that are also elliptic or infrared regular. Naturally, we obtain stronger results with more 
assumptions on V. Recall the dehnition of Tging in (|1.16| ). 

Proposition V.5. Let V be an allowed potential. Consider the limit as m —0 with (3 and 9 hxed. 

a. \i 9 y Tsing, then converges weakly. 

b. If d G Tsing, there exists a constant M = M{y,V) < oo such that 

Tr^ = 3:^3-y < ^ . (V.39) 


— vd 

Proof. A general potential V is bounded from below, so e L is bounded from above and is 
independent of m. In Proposition III.6 we showed that in the case n = 1, the measure converges 
as m —>■ 0 with hxed (3 and 9 ^ Tsmg- For vector-valued paths that we consider here, a similar 
argument shows that the product measure dfi^ dehned in ( |lV.21j) converges. Thus dfi^ converges 
by the dominated convergence theorem. Furthermore for any 9, we have the elementary bound 

e-IoV(Ms)ms))ds^^^ < (supje-^'^^^’^)}) , (V.40) 

so using Proposition II. 1, we have 

n 

3 ^' < (sup 3^ = (sup (V-41) 

•2 2 A — -\ 


As m ^ 0 with [3 and 9 hxed, |1 — > const, m/?. The stated bound (|V.39|) then follows. 


Proposition V.6. Let V be an allowed, elliptic potential. 














38 


Arthur Jaffe 


a. Let 0 < A < 1 and H{X) = Hq + X^V. Then there exists a constant M = M{V) < oo, 
independent of m, X, j3,9, such that 

Ttf, = 3f''3r < ^ (V.42) 

b. Suppose in addition that the polynomial V is infrared regular. Consider the limit m ^ 0, with 
(5, 9, (and A = fixed. Then the heat kernel converges in trace norm, and conseguently 
3^37 converges as m ^ 0. Furthermore the measure dfiY^ converges weakly as m —0. 


Remark. Let 111 ■ 11 |p denote the Schatten p-norm, 

. (V.43) 

with p = 1 the trace norm, p = 2 the Hilbert-Schmidt norm, and p = 00 the operator norm. 


Proof. From Proposition V.l.a we infer the identity of Ti (u{9)*e dH{ia)'^ with "d-y- Let us 
establish the bound (|V.42|) . For an elliptic potential. 


|<^p6»(s)P < Mi{V {ujg{s), Ug{s))ds + M 2 ) . 
i=i 


(V.44) 


Thus writing |a; 6 )(s)p = JCj=i we infer 


3 ^^^ 3 ^ = e-fo >^VMs),^e{s))ds^^^ \^e{s)?ds^^^ 


Use the mass renormalization identity of Proposition III.5, with = X^My and the identity 
(|V^ ) to obtain as 


3^'''37 < (e^'""^^3(7,AMr'/')) 3o 


_ gA^M2/3gn/3(m—m') 




_ gA2M2/9gn/3(m-m') 


fill-A 


/|2 ’ 


(V.46) 


where m' = (m? + A^/Mi)^^ and 7 ' = _ Then |1 — y'l > const, m'/? > const./d [m + A). 

Hence we have established the desired bound ([V.42|) . 

In order to deal with convergence as m —> 0, we use the Feynman-Kac representation to work 
with Hamiltonian estimates. We establish the second-order estimate that follows from our assumed 
infrared regularity bound on the Laplacian of V. 
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Lemma V.7 Let V be an allowed, elliptic, and infrared regular potential. Let 0 < M 3 be sufficiently 
large that 1 < + M 3 , and M 3 > M 2 , where M 2 , Mi are the constants in Then with 

M 4 = 2nm + Ml + M 3 , and for any f in the domain of H, 


\\Af\\^ + \\{V + M 3 )f\\^ + m^\\\z\^f\\^<2\\{Hii + V + M,)f\\\ (V.47) 

where A = Y.]=i djdj. 


Remark. We work on the domain VxD and expand. We use the double commutator method, to 
write cross terms as a sum of positive terms and lower order terms, see ^ or [0. The identity 

D*DX + XDD* = D*XD + DXD* + [D*, [D, X]] (V.48) 

gives the following double commutator identity for the Laplacian, 

n n 

-AX-XA = J2 + a,xa;) - [b,,x\\ . (v.49) 

i=i i=i 


Proof. Computing the square of M + M 3 + nm we have 
(hf + M3 + nm)^ = (—A + + P + Ms)^ 

= {Af + {y + M3 + m^\z\^f 

-A{V + M3 + -(V + M3 + m‘^\z\‘^)A 

= {Af + (P + Mg)' + (m'|z|')' + 2 (V + M 3 )(m'|z|') 

n 

+ + M3 + m‘^\z\^)d, + dj{V + M3 + m‘^\z\^)d*) 

j=i 

n 

+ Y.[d*,[di,V + M 3 + mM^]] 

n 

> (A)' + (P + M3)' + m‘^\z\^ - nm^ - E [dj-, [dj-, V]] ■ 

i=i 

(V.50) 

The double commutator term is just the Laplacian of V, that obeys the infrared regularity bound 

O- 

(M + Mg + nm)' > (A)'+ (P + Mg)'+ - nm'- Mi(l/+ M2) 

> (A)' + -(V + Mg)' + m^\z\'^ — nm^ — 


(V.51) 
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Thus with M 4 = 2nm + Mi + M 3 , we have 

2{H + > {Af + {V + Ms)^ + m^\z\^ 

Since H is essentially self adjoint on D, the inequality ( |V.47|) follows. 


(V.52) 


Proof of Proposition V.6.b Denote the m-dependence of H by H^'^\ and add a constant to both 
Hamiltonians so that they are positive. Write 






e - ds 


= J ^ {^{m'— m){m'+ m)\z\^ + n{m — m')^ e '(is(V.53) 

Then using Holder’s inequality for Schatten norms, 

11 - if nil 

<111 1112 111g-(/ 3 -^)/ 2 rf(™) 1/2111^ 

X {{m' — m){m' + m)\z\^ + n{m — m')'j + /)“^'^^|||oo 

X 111 + /)i/2e-/2H(-') 11 1 ^ 11 11 1 ^ _ (V.54) 

We bound this using Lemma V.7 in the form ||(H + + /)“^/^|| < 2}!^, along with the 

elliptic bound in the form \z\{Mi{y + M 2 ))“^/^, resulting in ||| 2 ;|(iL(™') + /)“^/^|| < const., and 
similarly with m' replacing m. Thus assuming that m, m' remain bounded, there is a constant 
independent of the parameters such that for 0 < s < /3, 

|||g-(/3-WW(iiK) _ iiM)e-/5^^^-'’|||i < const.(/3 - |m - m'\ . (V.55) 

Integrating this bound over s, we obtain the desired trace-norm convergence of the heat kernel as 
m —i> 0, namely the estimate 

11 _ g-/3F/(’" )|||^ ^ const. |m — m'| . (V.56) 

Using the Feynman-Kac representation of Proposition V.4.a, 

Tr^ , (V.57) 

we infer the convergence the product as m ^ 0. This is the denominator in the repre¬ 


sentation ([V.30|) of the twisted Gibbs functional, and it is the normalizing factor for the measure 

3 Me-/o'’v’(a.e(.).zu^(s))ds^/^_^ . (V.58) 

After normalization , this measure is The proof of convergence of the integral of the 

measure ( |V.58|) on products X of coordinates ( |V.33| ) proceeds similarly, and establishes the weak 
convergence of the perturbed measures as m —>■ 0 as m —>■ 0. We omit the details. 
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VI Quantum Fields and Random Fields 

In this section we generalize the construction in §II-V to the case of an n-component, complex 
quantum held ^{x) = {ipj{x)}. This time-zero held has a spatial coordinate x lying in an s-torus 
T^, so our space-time is x R. Assume that the periods of the torus are where 1 < i < s. The 
spatial volume is Vol = 01=1 Let us denote the lattice of momenta k dual to T* as 

T® = j/c : /c = {/ci, k 2 , ■ ■ ■, ks} , where each /c* = ) (VLl) 

and let kx = hxi. 


VI. 1 Complex Free Fields 


The quantum mechanical Hilbert space on which the held acts is the on the Fock Hilbert space Sj 
over the torus T®. This Hilbert space is the tensor product of the Hilbert spaces for individual, 
non-interacting oscillators. Each oscillator has a frequency jj,{k) = {k"^ + Thus for k Y ^ fhe 

frequency does not vanish even in the limit that m —0. Each component of the held has a Fourier 
expansion 




/ 




0^A:gT® 


(VI.2) 


The constant Fourier modes Zj are the coordinates considered in §H-V. The non-constant Fourier 
modes have the form 


Yj{k) 



{a+j{ky -h a_j{-k)) 


(VI.3) 


where we express them in terms of canonical annihilation and creation operators af that satisfy, 


j (/c) , (/c) ] , 

and where all other commutators between pairs of a^^’s vanish. 
Dehne the mutually-commuting number operators N±j{k) by 


N±,j{k) = a±j{kya±j{k) . 


(VI.4) 


(VI.5) 


Then express three fundamental operators in terms of the time zero Fourier components: 


= T.I1 {N+,(k) + N_j{k)) , j = y y; fi, (iv+,,(i) - w,,(«;)), 

fceT® fceT* 

n 

and Pi = E E h{N^M + N-Ak)) • 

fcei" 


(VI.6) 
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These operators are the free-held Hamiltonian, the twist generator, and the components of the 
momentum operator respectively. With a; G T^, and xP = XiPi, let 

(f{x + y) = , (VI.7) 

As we observed in the introduction, in the held case we introduce the (s-l-l)-parameter symmetry 
group U{t, 9) = This group acts on the components of the held as 

U{t, 9)(pj{x)U{T, 9)* = P^^^(pj{x — t) , (VI. 8 ) 

and it implements a twist on Fourier components, 

H(r, 9)ipj{k)U{T, 9)* = . (VI.9) 

In keeping with the notation in §II-IV, we dehne y:>j{x) = ipj{x)*, with the adjoint taken in the 
sense of a densely-dehned sesquilinear form on Also for t > 0 , we dehne the imaginary time held 
(Pj{x,t) as an operator with domain equal to the range of , where s > t, namely 

(Pj{x,t) = e~^^(pj{x)e^^ . (VI.10) 


Let 

Tp~j{x,t) = e~^^T^{x)e^^ = (fj{x)*e^^ . (VI.11) 


In order to simplify our notation, we replace the parameter 7 used in previous sections by a 
family of parameters 7 = {'yj{k)} that contain information on the dependence of 7 on j, k, (3, r, and 
9. Set 

(VI.12) 


7 = {'^j{k)} , where Ijik) = e 


_ —li{k)l3+ikr-\-iQ.j9 


where /c G and 1 < j < n. Then we designate partition functions and expectations as before by 
3^ or ( ■ )^, and thereby we designate the dependence on all relevant variables. For example, we 
write the free-held twisted partition function as 




Tr^ (v(r,0)V-^^°) 

n 



(VI.13) 


Here is the Hilbert space for the {A;, j, ±}-degrees of freedom, and Sj = In 

the case of paths we retain the notation and we also use for the pair correlation operator, 
in order to emphasize the dependence on these variables. 


Proposition VI. 1 With the above assumptions, the free field partition function is twist positive, 

1 


37 = Tr^ 


-iej-irP-pH] _ 


n n 

^ ^ fcGT® 


|1 -7i(^)P 


> 0 . 


(VI. 14) 
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Proof. The trace factorizes, as indicated in ([VI.13|) . For a particular term in the product, perform 
the sum as in the proof of Proposition II. 1. We obtain for a given k and j, the contribution to the 
product equal to 

(VI. 15) 
(VI.16) 




-I 


Thus 


k,j 


This product converges as |7j(/c)| < e Combining the result for modes k and —k yields the 
product ([VI.14I) , and the proof is complete. 

VI.2 Twisted Expectations and The Pair Correlation Function 

Introduce the twisted expectation 

Tr ( . p—i8J—iTP—f3H\ 


^ )7 

(VI. 17) 

Note that the expectation of one held vanishes. 


{Ti{x,t))-f = {Wi{x,t))-, = 0 . 

(VI.18) 

Furthermore, 


{(Pi{x,t)ipj{y,s))^ = {-^i{x,t)^{y,s))^ = 0 . 

(VI.19) 


Dehne the pair correlation function Cr,e{x — y,t — s) as the expectation of the time-ordered product 
of a held and a conjugate held. In particular, let 

Cr,e{x -y,t- s)ij = {{i^i{x,t)ipj{y,s))+)^ . (VI.20) 

This function vanishes unless i = j. Furthermore the helds (pj{x) are periodic with x G T^, so the 
pair correlation function has a partial Fourier representation 


CrAx -y,t- sA = E CrAk; t - 


(VI.21) 


where k ranges over the lattice (|V1.1|). 


Proposition VI.2. The twisted Gibbs functional for the complex, massive, free scalar 

field on the space-time x [0, /?] is a Gaussian functional. The pair correlation has the Fourier 
representation (\V1.21\ ), where 


Grpiki ^ Aij 


1 (( 7.(fc) ' 

2/i(fc) \\l-'yj{k)^ 




Tj{k) 


.1 -7j(^), 


^Fk){t-s) ^ g-/.(fc)|4-d j ^ (VI.22) 
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Proof. In order establish ([VI.22|) , carry out the argument for each degree of freedom in exactly 
the same fashion as for the analysis in §II for the oscillator. This result generalizes ( 11.2ti| ). In the 
mode labelled by k we replace m by fi{k). Secondly, we need to perform the twist arising from the 
g-irP gj-Q^p 3 ^^ fQj; gg^ch k, this just modihes the angle Qj9, replacing it by the angle Qj9 + kr. 
With our dehnition ([VI.121) of 7 to include the proper parameter dependence, we obtain the Fourier 
coefficients (|VI.22|) in a straightforward way. The effect of complex conjugating 7 j(fc) in one term 
gives the correct relation between the sign of the terms Qj9 and kr. Once we have obtained t he 
formula for the pair correlation function, the proof of the Gaussian character of the functional ([1.24|) 
follows the proof of Proposition II.3. We omit the details. 


Proposition VI.3 a. The pair correlation function and its Fourier coefficients satisfy twist rela¬ 
tions. If0<t<s<f3 then 


Cr,e{x -y,t- s + P)jj = e - y - r,t - s)jj , (VI.23) 

while if0<s<t<(3, then 

Cr,e{x -y,t - s - (3)jj = F^^^Crfi{x -y + T,t - s)jj . (VI.24) 

b. The kernel Cr,e{x — y,t — s)ij is hermitian in the sense that 


Cr,e{,x -y,t- s)ij = Cr,e{y -x,s- t)ji . (VI.25) 


c. For 0 < t < s < (3, the coefficients in the Fourier representation of the pair correlation 
function satisfy 

Cr,e{k-, t-s + f3)jj = 1 - s),-, . (VI.26) 

On the other hand, for 0 < s <t < (3, 

Cr,eik; t-s- (3)jj = t - s)jj . (VI.27) 

d. As a consequence, each Crp{k;t — s)jj has the representation 


Cr,e{k]t s)jj — 


E&K.r.e, 






Krfij = — {27rZ + Qj9 + kr} . 
P 


(VI.28) 


where 


(VI.29) 
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Remark. The original definition of the pair correlation fnnction Crfi{x — y,t — s) is restricted to 
the domain x — ?/ G T® and t — s E [—/3,/3]. The twist relation ( [t.25|) provides a natnral extension 
of Cr,eix — y,t — s) to X M, with ( |V1.23| ), ( |V1.24| ), and ( |V1.25|) holding thronghont. 


Proof. The bonndary condition for the pair correlation fnnction can be established by using the 
above definitions and cyclicity of the trace. Consider the case 0 < t < s < f3. Then 


Cr,e{x-y,t-s + p)jj = {{^j{x,(3 - s + t)^j{y,0))+)^ 

= - s + t))^ 

= {i^{x,(3 - s+ t)<fj{y+ T,f3))^ 

= e~'-^^^Cr,e{x -y-T,t - s)jj . 

For the case 0 < s < t < f5, write 


Cr,e{x -y,t- s- p)jj 


{(^{x,t- s)ipj{y,p))^ 

{^j{y - F 0)^(x, t - s))^ 
((^(x, t - s)(pj{y - r, 0 ))+)^ 
e'-^^^Crfiix -y + T,t- s)jj . 


(VL30) 


(VLSI) 


Thus we have established (|VL23|) and ([VL24|) . 

The hermiticity condition ( |V1.25| ) follows directly from inspecting the representation (|V1.21| )- 
([VL22| ). In fact, ( |VI.22|) shows that Cr,e{x — y,t — s)ij is diagonal in the matrix index ij, so we 
write the representation ([VI.211) as 


Cr,e{y - X,S -t)jj = 


Vol 


Y,Cr,e{k-s-t) 


jj'- 


Jk{x-y) 


fceT® 


Vol 


5: Cr,e{k; t - = C^,e{x - y,t - s),j . (VL32) 


fceT® 


We translate this boundary condition into a condition on the Fourier coefficients Crfi{k] t — s)jj 
by taking the Fourier series in the variable x — y. This gives (|V1.26|) and (|V1.27|). Thus 




(VI.33) 


Finally, as in §11.6, we calculate the coefficients in the Fourier representation similarly to the 
proof of Proposition II.4. The spectrum of Cr^ then follows as claimed, namely ( V1.47| ) is a union of 
the contributions from the different components of the covariance operator on the matrix diagonal, 
and the individual spectra resulting from (|VI.39|) . 
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VI.3 The Free Field Pair Correlation Operator 


The pair correlation operator Cr^e is the integral operator with the pair correlation function as its 
integral kernel. 




n « 

Y. /t.xIo/?] s)ijfj{y,s)dyds . 


(VI.34) 


We identify the pair correlation operator as the resolvent of a twisted Laplace operator At-^. In¬ 
troduce the Hilbert space /C = LF‘{C) ® C"' on which the pair correlation operator acts. Here C 
denotes the compactihed space-time x [0, f3]. Let denote functions on C that have Fourier 

representations of the form 


f{x,t)= /(fc, . 


(VL35) 


Here the set T'^ denotes the lattice 11^=1 7 ^^ dual to the torus T^. We assume that the coefficients 

f{k, E) decrease faster than the inverse of any polynomial function of k'^ + E'^. The functions ( Vi.35 ) 
satisfy the boundary condition 


/(x,^()=e-"J‘'/(i-T,0), (VI.36) 

relating the two ends of the cylinder. The space of functions is dense in LF‘{C). Endowed 

with the topology given by the countable set of norms 

\\f\U = sup{l + \k\^ + E^r\f{k,E)\, forneZ+, (VL37) 

k,E 

the space Sl^l{C) is a Schwartz space of functions. Furthermore, the representation ( |V1.35|) 

shows that functions / G sl^l{C) extend from C = x [ 0 , /?] to function on T* x M, that satisfy 
the twist relation 

f(x,t + P)=E^^^f{x + T,t) . (VL38) 

The functions ^-dkr)t/yy ^ S^l{C) are all simultaneous eigenfunctions of —i^ and 

of -i-^- The joint spectrum of these two operators on these eigenvectors is the set 


Krfiy X T"" 


(VL39) 


where Kr^^j is dehned in ([VL29|) . As a consequence, the domain S^l{C) is a domain of essential 
self-adjointness for the twisted Laplace operator 


r,e g^2 + 


l<i<s 


dxf 


(VL40) 
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The dense domain of definition 

(C) © 45 (C) © • • • © 45 (C) C /C (VL41) 

provides a dense domain for the Laplace operator A^- e. This is an n x n matrix with each entry an 
operator on T^(C). The entries are 

Denote the corresponding resolvent by 

It has matrix elements 
so that for fj e L^(C) and / = {fj} E /C, 

n „ 

((-A^,e + m^)~^f)j{x, t) = Y. {-^r,e + -y,t- s)jyfj'{y, s)dyds . (VL45) 

j'=i 

We say for short that (—At-^q + m?)~^{x — y,t — s) denotes the integral kernel for {—Ar^e + 


(VI.42) 

(VI.43) 
(VI. 44) 


Theorem VI.4. Consider the resolvent of the twisted Laplace operator Arp defined as the closure of 
the Laplace operator with the domain SrpiC) and acting as This equals the pair correlation 

operator Crp by the integral kernel ( \VL23i ). Namely 

Cr.e = (-A^o + . 


■'T,e — 

Furthermore, the spectrum of Crp is the set 

{E'^ + , where E E Ci<j<nKrp,j , and k eT^ , 

with Krpj defined in ( \VL29i) . 


(VI.46) 


(VI.47) 


Proof. The proof of the theorem follows the proof of Theorem III.l. The spectrnm is given in 
Proposition VI.3.c. 

Dehne the singnlar set Tsmg = Tsing(Dj, f'j) appropriate for complex qnantnm helds by 

Tf'sing = {t,9 :0e Ci<j<n {27rZ - QjO - kr}} . (VI.48) 

For T, 9 ^ Tsing, let 


M = snp 


1 


sup 


E£Kr,e,j,kCt‘ 


E^ + k^ 


(VI.49) 


Corollary VI.5. Let m > 0. The operator Crp on JC with integral kernel (\VL22f is positive, and 
compact. Assume also that M < oo and t,9 ^ Tging. Then the operator Crp is norm convergent as 
m —0. 
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VI.4 Random Fields 


In this section we discuss the appropriate path space for random helds satisfying a twist relation 
(|I.25|) leading to a Feynman-Kac formula for quantum helds with the twist operator U{t, 6). These 
random helds are just elements of S!^g, the dual space to Sr^e- We let denote an element 

of S'j.g. The space S'^g has a dense subspace of C°° functions, 

C 5;^ . (VL50) 

We infer from Proposition VI.2 that the pair correlation operator Cr,e maps an Sr,e into itself, and 
in fact this map is continuous. Dehne the adjoint operator 


cy: 5y 


S' 


r,e 


by the relation = ^r,e{Cr,ef) ■ 


It then follows that the kernel of C^g satishes the boundary condition 

Cr,ei^ -y,t-s + f3)jj = -y-r,t- s)jj . 


We write for the corresponding paths the relation ([t.25|). 


(VLSI) 


(VI.52) 


VI.5 The Gaussian Feynman-Kac Measure 

The twisted Gibbs state of a free held ip{x) = {ipj{x)} has a Feynman-Kac representation with 
a Gaussian measure on S'^g. Dehne dy.^{^r,e) as the Gaussian, probability measure on S'^g{C) 
with mean zero and covariance Cr, 9 - Since we have established that the twisted, free-held Gibbs 
functional is Gaussian, we have as a consequence of the properties established in Proposition VI.4, 


Proposition VI.6 . a. The twisted Gibbs fwnctio'nal for a free field (p{x) with mass m > 0, has a 
Feynman-Kac representation 


ti)^Pjfix2, G) • • • Tjri^r, tr)Tj[ix[, ^2) ' ' ' 

/ ^ (2^1) G )(^2 ) G) ■ ■ ' ^T,8,jr^^ri I'r') 

Xx'^ot'r')dT'y{^Tfi) ■ 


(VI.53) 


b. Let t,9 ^ Tsing and let M < oo. As m ^ 0, with I3 ,t, 9 be fixed, the measures 
converge weakly as measures on S!^g{C), and the expectations 



converge as distributions in 


(VI.54) 
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VI.6 Non-Linear Quantum Fields and Non-Gaussian Measures 

Finally we remark on the construction of non-Gaussian, twist-invariant Gibbs functionals for fields. 
These measures give Feynman-Kac representations for twisted Gibbs functionals constructed from 


certain non-linear quantum helds. In this paper we do not with to consider ultraviolet questions, 


so we use a regularized interaction potential V. We follow the (standard) procedure introduced 
in §V to construct Feynman-Kac representations for non-linear oscillators. First we introduce a 
regularized held (pj^^{x) from which we construct the non-linear interaction. Let 



(VI.55) 


where 0 < x(A;) < 1, where x(0) = 1 and where x(A;) is rapidly decreasing as |fc| ^ oo. Likewise, 


let <FT-,e,x(^G) denote the random held after convolution in the spatial variable x with 

the function whose Fourier coefficients are x(^)- Given a holomorphic, quasihomogeneous potential 
function W as in §V, we form the perturbed Hamiltonian 



(VL56) 


This Hamiltonian then dehnes a twisted Gibbs expectation. It has a Feynman-Kac representation 
given by the measure 


g- j^V{^^^e,x{y^s)^^T,9,x{y^s))dsdy 



(VL57) 



Since this measure is regularized, we can construct it by methods similar to those in §V. We do not 
give the details, as we will return elsewhere to analyze such problems as well as to establish their 
dependence on the regularization. As previously, we obtain 

Proposition VI.7. a. The U{t, 9)-twisted Gibbs functional for a field Hamiltonian H = Hq V 
has a Feynman-Kac representation given by the measure i\VI.STj ). Let 6 ^ Tging and let (3, r, 9 be 
fixed. As m ^ 0, The measures converge weakly in as do the expectations of 

products of fields. 


VI.7 Real Fields 

In order to treat real scalar helds (p{x) it is sufficient to make minor modihcations of our preceding 
analysis. In particular, there is only one set of creation and annihilation operators for each {k,j}- 
Thus in place of ( |VL3| ) we have 


= /— 77 - • 




(VL58) 
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As a consequence the translation group acts as a symmetry of Hq as before, but there is no ^-twist 
symmetry. We dehne the parameters 

7 = {jik)} , where jlk) = . (VI.59) 

Then the modihed results for the real case are 


Proposition VI.8 a. The twisted partition function for the real, free scalar field is 

3, = Trj = n M_V)|n ■ 

b. The real free-field pair correlation function is a multiple of the identity in the matrix index, 
C^(x -y,t- s)ij = (((fi(x, t)(fj(y, s))+)^ = C^(x -y,t- s)dij , (VI.61) 

and satishes the twist relation 


C^(x — y + T,t — s + i3) = Cy(x — y,t — s) . 


(VI.62) 


c. The diagonal elements of the real, free-field pair correlation function have Fourier represen¬ 
tation of the form ^VI.2t\) with coefficients 


Crik; t — s) = 


1 (( 7(fe) 


Q-vik){t-s) _|_ 


l{k) 


.1 - lik), 




(VI.63) 


d. The real, free-field pair correlation operator is the resolvent of the twisted Laplace operator 
At- defined on the real functions in Srp{C), 


Cr = (-A^ + m^) ^ . 

e. The real random paths $t-(x, f) satisfy 

^r{x + T,t-\- (3) = ^rix, t) 

As a consequence, a class of interacting Hamiltonians 

H = Ho+ V 


(VI.64) 

(VI.65) 

(VI. 66 ) 


exist, are twist positive, and have a Feynman-Kac representation with a twist U{t). These interac¬ 
tions arise from real, translation-invariant, cutoff interactions with a potential V that is bounded 
from below. The corresponding Feynman-Kac measure has the form. 




j^-J^V(<S>^,Ay,s))dsdyd^^ ■ 


We intend to return to these properties in another work in more detail. 


(VI.67) 
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